Advanced Set Relations

Equivalence Relations, Partitions, and Order Relations: Core

definitions, properties, and practical examples in discrete
mathematics.



What is a Relation?

A binary relation

R

on a set

A

IS @ subset of the Cartesian product
A xA

. If an element

d

Is related to

b

, It is written as

aRb

or

(a,b) €R

. Relations are categorized based on specific structural properties.
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Equivalence Relation Definition

An equivalence relation groups elements that share a common trait. A relation

R

on set
A

IS an equivalence relation if it strictly satisfies three core properties:

1. Reflexive 2. Symmetric
Every element is related to itself. The relation is bidirectional.
aRaforallae A. If

aRb , then bRa.

3. Transitive




Equivalence in Practice

"Same Birthday" Relation

" Reflexive: You logically share the same birthday as
yourself.

= Symmetric: If you share a birthday with John, John
undeniably shares the same birthday with you.

" Transitive: If you share a birthday with John, and John
shares a birthday with Mary, you inherently share a
birthday with Mary.

Mathematical Example

Congruence modulo

O

a=b (modn)




Partition of a Set

A partition of a set

X Is a rigorous grouping of its elements into non-empty subsets such that
every element is included in exactly one subset.

Key Requirements

" Mutually Exclusive (Disjoint): No two subsets overlap.
Each element belongs to a single distinct group.
AjnA =9 forizj.

= Exhaustive: The union of all subsets completely

reconstructs the original set.
UA =X.



The Fundamental Theorem

Every equivalence relation on a set creates a unique partition of that set, and
conversely, every partition of a set defines a unique equivalence relation.

@ =

The Connection Equivalence Classes

This theorem provides a powerful dual perspective. The resulting subsets in this partition are known as
We can analyze complex groupings by looking at equivalence classes. Denoted mathematically as:
the relations that form them, or understand rats Pxek lined

relations by looking at the discrete boundaries they
create.



Partial Order Relation

A partial order models hierarchies, dependencies, or prerequisite structures. A relation

R

on set
A

Is a partial order if it satisfies these three properties:

1. Reflexive 2. Antisymmetric
An element is comparable to itself. No two-way relations between distinct elements.
aRa . If

aRb and bRa, thena=b.

3. Transitive




Partial Order Examples

" Subset Relation: Set Ais asubsetof B(A CB). If
A C BandB C A, this logically implies A=B.

= Divisibility: a divides b on the set of positive integers.

Why "Partial”?
It is crucial to note that not all elements can be
compared. For example, in divisibility,

3 does not divide 5, and 5 does not divide 3. They are considered
incomparable within this specific relation.

Quadrilaterals

Rectangle




Total (Linear) Order

A total order is a strict variation of a partial order where
every pair of elements is comparable. This forms a
perfect linear sequence.

Comparability Property
For any

a,be A

, either

aRb

or

bRa

IS demonstrably true.

Standard Example

The "less than or equal to" (

<
) relation on Real Numbers. For any two numbers




Summary of Relations

Relation Type Reflexive Symmetric Antisymmetric Transitive Comparable (All)
Equivalence Yes Yes No Yes No
Partial Order Yes No Yes Yes No
Total Order Yes No Yes Yes Yes

This matrix provides a quick-reference guide to differentiating the core structural relations found in set theory.
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