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1.0 Objectives

Vector analysis is a mathematical shorthand. The vector form helps to
provide a clearer understanding of the physical laws. This makes the calculus of
the vector functions the natural instrument for the physicist and engineers in solid
mechanics, electromagnetism, and so on. To meet objectives ,we emphasize the

physical interpretation of vector functions.



1.1 Introduction

Vector algebra is introduced early in the text. The unit deals with vector functions
and extends the differential calculus to these vector functions. We finally discuss
physical meaning of three important concepts namely ,the gradient, divergence and

curl.

1.2 Scalar Product

Scalar Product (dot product) of two vectors Aand Bis defined as

ZI.EZABCOSQ where 0<O0 <71

Here 0 is the angle between 4 and B . Note that 4.B is a scalar quantity.
General Properties of Scalar Product:-

(i) A.B=B.A (Commutative Law)

(i) A(B+C)=A4.B+A.C

(i) ii=]]j=kk=1

(iv) If A= Ai+Aj+Ak and B=Bi+B,j+ B, then
A.B=A B+A,B, +4,B,

Ad=A =4+ '+ A
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(vi) A.Bis independent of co-ordinate system.

Typical Applications of Scalar Product:-

(i) IfA#0, B#0and A.B=0,then Aand B will be perpendicular.



A - A AN

N
(i) Component of vector A along n direction is | A.n |, where nis unit

vector.

S

A.

(ili) Angle between A and B can be found out by | cosf = = AB

Examplel.l Find the angle between side AC and side AB of a triangle ABC.
Coordinates of the vertices A,B,C are (1 + 23 ,1,2),(1,1,2), (1,3,2)respectively.

Sol. AB=Position vector of B — Position Vector of 4

ﬂ?:(f+j'+2l€)—[(1+2\/§)f+]'+2ﬂ:—2\/55

—>:2\/§

= AB
A%C =P.V. of 6- P.V. of j4
,TC:(f+3j+2/€)—[(1+2ﬁ)f+j+2/€}
=23 +2]
- ‘AHC‘ = J(23) +22 =4
By dot product

A_}3.A_)C _ (—2@5).(—2@;4—2}) _£

030 ‘ZB 1o (2v3)4 2
=0=30"

1.3 Vector Product (Cross Product)

Vector product of two vectors Aand B is defined as| Ax B = ABsin@n | where

A

N - -
0<0 <7 andn is a unit vector in direction of (Ax B j Direction of unit victor 1

is perpendicular to the plane formed by 4 and B and it is given by right handed
system.



General Properties of Vector Product:-

(i) If A and B are parallel or antiparallel i.e. collinear , then Ax B =0

> o

Ax A=0
ixi=0, jxj=0, kxk=0

A

(ii) A>< B= —B>< A (Anti commutative law)

(iii) AX (B+ C) AX B+ A>< C

(v) ixj=k, jx
Fxi=—k,
v) If A= AJA + Azj + A3/€ and B= Blf + sz + B3/€ ,Vector product of two

-

N
vectors Aand B as a determinant is represented as given below

ik
AxB=|4 A, A,
Bl BZ B3

AxB = {(AzBs - A3Bz)_}(AlB3 - A3Bl)+ k(Ale B A2Bl)
Typical Applications of Vector Product:-

(i)  Area of the parallelogram with sides 4 and B is|Ax B

—
Figure 1.1

Area=Ah=AB sin0

~|4x B




Ax B

> N |
(i) Area of the Triangle with sides 4 and B iSE

Figure 1.2

Arca= - Ah =L ABsing = L ix B
2T 2

N

(iii)  Unit vector that is perpendicular to the plane formed by A and B is given by

'
>

n X
n==

N
>

e

Examplel.2 A solid sphere is rotating with an angular velocity 30 r.p.m. about a

fixed axis MN. Position vectors of the points M and N of the sphere are

(f + 2}'+3l€)m and(4f +5}+6l€)m respectively. There is an insect at a point

(22 — 2} + 51:7) m on the surface of the sphere. Calculate the speed of the insect.

Sol. Angular Velocity @ =30 rev. per minute =30 xz—ﬂ rad _ ﬂ'@

0 sec sec

Figure 1.3
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-

Angular velocity @ is an axial vector. Let it be along Z\/?N .
IN = N-M :(4f+5j+6l€)—(f+2j+3l€)
=37 +3]+3k
MN 3 43)43k i+ j+k

‘AZN‘_\/32+32+32 A

-

o= .%:%(h}wé)

Position vector of the point P with respect to point M is
r=P-M
r =(2§—2j+5/€)—(i+2j+31€)=f—4j+2/€

Linear velocity of P is

y=T B6+1+25=7 02

\/§ 3 sec

1.4 Scalar Triple Product A(BxC)

Al Az A3 where 4 = A.]l + A2] + A3k
A.(Bxc)z B, B, B, B=Bi+B,j+Bk
¢ 6 G C=Ci+Cj+Ck




Note thatA.(BX Cj i1s scalar quantity. We can write scalar triple product

:4) (1_3) X 6 j as [AB C ] we read [AB C ] as box product.

General Properties of Scalar Triple Product:-

(i Z.(éx Z*j - §.(Z*x Zj - 6.(;1>< 13) ie. [ABC] = [BC4] = [C4B]
G [178]=[18)=[ki}]=1&[14]=-1

N

(iii) Magnitude of the scalar triple product A| Bx C | of three vectors is equal to

N—

N

the volume of a parallelepiped having sides A,

(iv) Z.(le Z*j -0 ie. [44C]=0

andC

ool

C.(Ax A) =0 ie. [C4a4]=0

(v) If scalar triple product vanishes i.e. A.(Bx C ) = 0 thenA4,B andC are
coplanar. In that case volume of parallelepiped formed by them is zero

Note: (A.B) x Cis meaningless. Similarly(A.B).C is also meaningless.

Geometrical Interpretation of Scalar Triple Product: -

Figure 1.4

OAd=A ., OB=B, OC=C
gxazBCsinQ 1A1



= (Area of Parallelogram OBEC) IA1
~Sn
Here ;1;1 = A.l.cosa =AD = height = h
Thus Zl(éx 8’) = ;l(SlAij

=S A.n=Sh
= Volume of parallelepiped

1.5 Vector Triple Product Ax(BxC)

ZX(EX Ej . Z;[Z.Ej _E(Z.éj

Note that Ax (Bx C j is a vector quantity

General Properties:-

(1) ;l><(§><8’j+ gx[5x2]+5x(2x§j=0

(i1) We have in general ;l)x (gx E) * (Zx é)x 6

1.6 Gradient V¢

0 1+ 0
[ —+ ] —
ox oy

Vector differentiable operator V is defined as| V +k 82
/4

V is called ‘del’
Gradient: if ¢(x, y,z)is a differentiable scalar field then gradient of¢@ is defined

- 20 A0 ~0

b dp=Vo=|i—+] —+k—

y grad¢ ¢(18x Jay azjcb
oo i 08,500 08

ox oy oz



Note that V ¢ is a vector field .

General Properties:-
(1) v(¢1+¢z):v¢1+v¢2
(ii) %(C ¢) =C 6 ¢ where C is constant

(iii) If @ =constant thenV ¢ =0

Geometrical Interpretation of gradient:-

“The magnitude of thisV ¢ is equal to maximum value of rate of change of ¢ with

distance.”

Figure 1.5

Consider a surface S, that has constant potential ¢. At distance MN, there is
another surface S, which has constant potential @ +d¢. Here MN is the shortest
distance between the two surface s, ands,. If we move from s, to s,, then change
in ¢ is d¢ .Rate of change of ¢ with distance is highest along the normal MN. So

grad¢ at point M is directed along MN.

R
“V ¢ points in the direction of maximum rate of increase of the function ¢ with

space”

N
“For any point on the constant surface, direction of vectorV ¢ at that point will be
normal to the constant¢ surface.”

Directional Derivate:

The component of grad¢ in the direction of vectorb is equal to V @.b, it is called



R
directional derivate of ¢ in direction of vector b

Examplel.3 Scalar Potential ¢ is given by ¢ =x+ y+z and an ellipsoid is
2 2

given by x° +y7+—=3

9
Find
(i) V ¢ at point (1,2,3)
(i)  Unit vector, that is normal to ellipsoid surface at the point (1,2,3)

(iii)  Directional derivative of ¢ in the direction of the outward normal of the

given ellipsoid at the point (1,2,3)

Sol. (i) V ¢ :(f§+}%+l€§j(x+y+z)
X zZ
=f%(x+y+z)+j%(x+y+z)+/€§(x+y+z)
:f+}+é

which is constant vector and independent of the position of point
2 2
s o 2, Y z o .
(ii) For ellipsoid surfacel//(x, .,z ) =X+ T + E: constant, then Vi will be

perpendicular to the surface ¥ (x, V, Z)ZCOl‘lStaIlt

d A A A 2 2
Vw:ié+ji+hg A
ox "oy Oz 4 9

_oni + L3 B
2 9

At the point (1, 2, 3)

vw:z;+j+§;e

> |7
Vy|=—
Y3

10



A
Unit vector n =

Another unit vector normal to the surface is —[ gf + %j + %IQJ

Its direction 1s opposite to that above.

(iii) Required directional derivate V¢ .n

R A 6, 3~ 2=~
=i + ] +k).| =i +=]+—=k
(l / )(71 7] 7)
_6+3+2 11
7 7
kQ

Examplel.4 Electric potential due to positive point charge Q is given by V' = —
r

.Find grad V

-

Here r =xi + yj + zk

rr=x"+ y2 z* Partial differentiation with respect to x gives

2 o040 o X

ox ox r
. r or z
Similarly —=+~ |, — =—
r oz r

11



r
k -
Lo
r
- k - N -
VV:——3Q 7  where 7 _r
r r

Physical Interpretation:

: : : k : ,
Potential V decreases as r increases. Potential /' = — remains same for all points
r

having distance r from the charge Q. Thus equipotential surfaces are spherical type

and they are shown with their values of potential.

- -

- —

Figure 1.6

Gradient will be in the direction of increasing values of V

Here V, >V, >V, so gradV at point A is directed towards V, surface. Rate of

change of ¢ with distance is highest along the normal AB. Thus at point A, gradV’

=N

will be in direction of AB, that is—7 direction.
Let the charge Q be located at the origin O then
ko ko K KO

.-V, _oB _ oB _ T (r+Ar) kQ

AB Ar Ar r(r+Ar)

At point A

W V‘ =maximum rate of change in V per unit distance

12



1.7 Self Learning Exercise-I

Very Short Answer Type Questions

Q.1 Find the angle made by vector 4 = 4i + 4}' +3k with x axis.

> o o -

Q.2 “IfA,B,C are not null vectors and A.B = A.C then B need not be equal to

C” give an example in favour of above statement.
Short Answer Type Questions

-

Q.3 Ifcz =§(—f+}+l€) ,a, =%(f—}'+l€) and;3 =%(f+}'—l€) represent the

primitive translation vectors (sides of primitive cell) of the BCC lattice then

find the volume of the primitive cell. Here a is the side of conventional cell.

Q.4 Find V7’

1.8 Divergence

If I is differentiable vector field then divergence of F is V.7 which is defined as

%.ﬁ:[iﬁﬁiw—j . (Flf+}72j+1731€)

ox oy Oz

> - (0F OF OF
V.F= Ly —24+ 3
ox 0Oy 0Oz

where F=Fi+ F,j+Fk

General Properties of Divergence:-

1)) %(C Zj =C %1_4) where C is constant

(ii) 5(% %j - V.A+V.B

13




L

(i) %.@5 j: VoA +Ve.A
) V.A%AV
o6 . 0

Note that Z V=4 —+A4 —+A4, 9 is an operator
ox oy 0z

(v) If A=constant,then V .4=0
2 2 2
6¢+8¢+8¢
ox* oy o0z’
o> o* 0
+ +
ox* oy o7

i) V (Vo)=V’p=

where | V? = 1s Laplacian operator

Physical Interpretation of Divergence:

gSF.dS
divF = Lim =
AV —0 AV

Here volume elementA)V is bounded by the infinitesimal surface S in the

neighbourhood of a point P. §F .d S is the net out flow flux of F' through
S

infinitesimal surface S.

Thus “divergence of vector field F' at the point P is equal to net outward flux per

unit volume as the volume shrinks to zero in the neighbourhood of the point P.”

—

If div F'is positive, it means net flux is coming out through infinitesimal volume

element at the point P and that point acts as a source.

Iz
N

\V/

Figure 1.7

14



In the given figure 1.7, the point P acts as source.

Negative value of div F means net flux is going into infinitesimal volume element

at the point P and that point acts as a sink.

L
R

Figure 1.8

If V.F =0then F is called Solenoidal vector.

- -

Magnetic field Bis a solenoid vector V.B =0 means there is neither source nor

sink for field B . Magnetic field lines always make closed loop. Due to that fact net

out flow flux any infinitesimal volume is zero.

-

Examplel.5 Electric field inside a uniformly charged solid sphere is £ = ?:O—r .
eO
Find divE .
Sol. V.E=V| 2L |=_ L v ;
€ | 3€,
-2 fi+j'£+l€— .(x1°+y]'+zl€)
3¢,\ ox "0y /A
p |0 0 0
= —(x)+=—()+=(z
AL 200+ 26
Jo,
=—13
re) 3]
V.E= P which is Gauss’s in electrostatics
€
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