Area & Surface Area Lecture Notes

Applications of Double Integrals in Cartesian and Polar Coordinates

Subject: Multivariable Calculus Deptt. of Mathematics, S.T.D.G.D. College, Shahpur, Bhojpur

This document covers methods for computing two-dimensional plane area and three-dimensional surface area using
double integrals.
I 1. Area of a Plane Region

The area A of a 2D region R in the xy-plane is calculated by integrating f(x,y) = 1 over R:
A=[fpdA

Cartesian Coordinates
* Vertically Simple Region (Type I): a<x <b, gl(x) <y< gz(x)
A= [P 10" dydx =] [g,(x) - 9,00 ] dx
* Horizontally Simple Region (Type IT): c <y <d, h;(y) < x < h,(y)
A= [ 1) dxdy = [ [hy0) - hy0) 1 dy

Polar Coordinates

When enclosed by polar curves a < 8 < and r;(8) <r <r,(6):

A=ffprdrao=(Ff (9)”(") rdr do

Worked Example 1: Area Bounded by Parabola and Line
Problem: Find the area enclosed by y = x? and y=2x+3.
Solution:

1. Intersection points: X=2x+3= x-3)x+1)=0=>x=-1,x=3.
2. Set up integral: A = j_13 x22X+3 dy dx.

3. Evaluate: A= [ 3 2x+3-x%) dx=[x* +3x-x%3] = 32/3.



Worked Example 2: Area of One Loop of a Rose Curve (Polar)
Problem: Find the area of one loop of r = cos(20).
Solution:

1. Loop bounds: r = 0 = cos(20) = 0 = -n/4 < 6 < /4.

2. Set up integral: A= [_, 4"/ 4 jocos(zg) r dr dé.

3. Inner integral: jocos(ze) rdr = (1/2) cos®(20).

4. Outer integral: A= (1/4) |_ w4 (1 + cos(40)) dO =m /8.

/4

I 2. Surface Area of a 3D Surface

The surface area S of z = f(x,y) projected over region R in the xy-plane is:

S = Jf g dS = I o V(1 + @u0x)? + (0z/dy)? ) dA

Worked Example 3: Surface Area of a Paraboloid Portion
Problem: Find the surface area of z = x° + yz below z = 4.
Solution:

1. Region R: X2 +y2 <4 (disk of radius 2: 0 <0 <2m, 0 <r<2).

2. Partial derivatives: 0z/0x = 2x, 0z/0y = 2y.

3. Surface element: dS = V(1 + 4x> + 4y?) dA = V(1 + 4r°) r dr dO.

4. Integral evaluation: S = jozn joz V(1 +4r%) rdrd6 = (n/6) (17V17 - 1).

I 3. Key Formulas Reference

Plane Area Cartesian A=[f R dx dy
Plane Area Polar A=[f g rdrdo
Surface Area (z = f(x,y)) Cartesian S=JfpV(1+ zx2 + zy2 ) dx dy

Surface Area (z = f(1,0)) Polar S=IgV(1+22+ /%) 2% ) rdrdo
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