®The transformation relationship between Cartesian and Spherical coordinates

system can be expressed as

Spherical to Cartesian

r=w/x2 -i-y2 +22
z
0=cos”!| —m——
\lxz +y2 +7’

¢ = tanl(lj
X

® Generalized curvilinear coordinate system is simply a general way to represents

Cartesian to Spherical
X = rsinf cos@
y = rsinOsin@

z =rcos0

all coordinate systems (Cartesian, Cylindrical and spherical etc) which may be

orthogonal and nonorthogonal.

®The scale factors, variables and unit vectors for three coordinate systems
(Cartesian, Cylindrical and Spherical) can be tabulated as table.1.

® Differential volume element for different coordinate systems can be expressed as

Coordinate System Volume Element

Curvilinear h, h, h; du,du,du,
Cartesian dxdydz
Cylindrical rdrdedz
Spherical 1’ sin®dr do do

® Gradient for different coordinate systems can be expressed as

Coordinate System Gradient
Orth 1 1 of 1 of 1 Of
?gona gadf =Vf=——4 +——4 +——1,
Curvilinear h, Ou, h, Ou, h, Ou,
of ., of, oOf,
Cartesian gradf=—2a +—a +—_—4,
X 5y Oz
Cvlindrical i afA+1afA+afA
indrica gadl=-"—a +———a, T _—a,
Y or ' 10g ° 0z
Soherical it 6fA+18fA+ 1 of
erica gradt =——a +~— a a
P Ou, r Ou, " rsind odo !
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® Divergence for different coordinate systems can be expressed as

Coordinate Divergence
System
Orth 1 1 0 0 0
(.)g.ona leA = _(Alh2h3)+ _(A2h1h3)+_(A3hlh2)
Curvilinear hhh | Ou 7 Ou, Ou,

Cartesian divA = {82 (AX ) + E(Ay)"‘ Q(A )}

Cylindrical ~ divA = {ﬁ (Ar)+ 9 (a,)+ 9 (Azr)}

Spherical divA =— 1 {—(Arrzsine)+ %(Aer sin9)+ai(A r):|

curlA =

0 0
hhh |[Ou  Ou,  Ou,
Ah  Ah Ah

373

®In orthogonal curvilinear co-ordinates system Laplacian vector V’f can be

written as
) 1 O (hh, Of O (hh Of O (hh, Of
V f: 23 + 371 + 1772
hhh |{Ou\ h Ou ) Ou\ h, Ou ) Ou \ h Ou,

2.13 Glossary

Orthogonal coordinate system: When the surfaces intersect perpendicularly we
have an orthogonal coordinate system.

Curvilinear co-ordinates: The value of u ,u,,u, for the three surfaces intersecting

at P are called curvilinear co-ordinates or curvilinear surfaces

2.14 Answers to Self Learning Exercises

Answers to Self Learning Exercise -1
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Ans.1: (0,0,0) Ans.2 : (0<9<2n)
Ans.3 : René Descartes Ans.4: dv =dxdydz
Ans.5: dv=pdpdQdz Ans.6 : dv=r"sin0drd0de

Answers to Self Learning Exercise -11

Ans.1 : Conical Ans.2 : Plane
Ans.3 : A circular cylinder Ans4 : \/g units
Ans.5: /13 units Ans.6: 2+/5+2+/2 units

2.15 Exercises

Section-A (Very Short Answer Type Questions)

Q.1 In orthogonal curvilinear coordinate system three axes are .......... to each
other.

Q.2 Write the formula to determine the base vector for coordinates system?

Q.3 In which coordinate system uses two angles and one distance?

Q.4 In which coordinate system uses two distances and one angle?

Q.5 In which coordinate system uses only distance?

Section-B (Short Answer Type Questions)

Q.6 Compute the vector directed from (1,1,1) to (2,2,2) in Cartesian coordinates
system.

Q.7 Determine the value of VA at point (1,-1,1). IfA = Xy i- X223' + 7k

Q.8 Find the location of the point (1,2,3) in cylindrical coordinates system.

Q.9 Write the formula of the base vectors for a coordinate system.

Q.10 Find the location of the point (1,2,3) in spherical coordinates system.

Section C (Long Answer Type Questions)

Q.11 Determine the base vectors for the cylindrical coordinate system.

Q.12 Determine the base vectors for the spherical coordinate system.

Q.13 Derive the expressions for the distance between two points in the cylindrical

and spherical coordinate systems.
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Q.14 Evaluate the transformation relationship between cylindrical to spherical

coordinate system.

—

Q.15 Transform the vector A =Xy 1-X’Z]j+ zk from Cartesian coordinates to

cylindrical and spherical coordinate systems.

2.16 Answers to Exercise

Ans.1 : Mutually Perpendicular
Ans.2 : Plane

Ans.3: Spherical

Ans.4 : Cylindrical

Ans.5 : Cartesian

Ans.6: A=3 +a +a,
Ans.7: -1

Ans.8 : r=+/5units, Q= 63°43' ,Z=3

. OR ,
Ans9: b =— 1=123
Ou

i

Ans.10 : r=+/14 units, 0 =0.99, 0= 63°43'
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UNIT-3

Gauss’s theorem, Stokes’s theorem

Structure of the Unit
3.0 Objectives

3.1 Introduction

3.2 Line Integrals

3.3 Properties of the Line Integral

3.4 Application of the Line Integral

3.5 Surface Integral

3.6 Surface Integral for Flux

3.7 Volume Integral

3.8 Self Learning Exercise

3.9 Gauss Divergence Theorem

3.10 Applications of Gauss’s divergence theorem
3.11 Stoke’s Theorem

3.12 Summary

3.13 Glossary

3.14 Answers to Self Learning Exercise
3.15 Exercise

3.16 Answers to Exercise

References ad Suggested Readings

3.0 Objectives

After gone through this unit learner will able to solve any physical problem in
which vector integration is used. Learner can apply Gauss divergence theorem &

convert surface integral into volume integral.
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3.1 Introduction

In this unit integral calculus part of vector calculus is discussed. Vector line
integral, vector surface integral & volume integral are explained. Using of Gauss
divergence theorem & Stoke theorem with various examples are explained.

3.2 Line Integrals

Suppose a continuous vector function F (x, y,z) defined at each point of the
curve C

H0)= f()i +g(t) j+h(t)k, a<t<b.
We partition the curve into a finite number of sub arcs. The typical sub arc has
length As, in each sub arc we choose we point (x;, v, ,z; ) and from the sum

n
Sy =2 F(x, v, 2 ) Asy (1)
k=1
The sum in (1) approaches a limit as n increases, and the length As, approach
zero. We call this limit the integral of F over the Curve C from a tob.

n
If(x,y,z): lim ZF(xk,yk,zk)Ask 2)
C N9 k=1
NZ
=b

8- {f  Plmy=zs)

=
X a

Let F(r) be a continuous vector function, then component of F(r) along the
tangent at P is

F (r)ﬂ (- dr 1s unit tangent vector at P)
ds ds
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and I[F(r).drj or  [1(). dr

C ds C
is called the tangent line integral of F (r) along the curve C.
Let F(r)=Fi+F,j+Fk

F=xi+y)+zk

IF.dF = J.(E5+F2j’+Iglg).(dxf+dy]'+dzl€)
C C

ZI(EdXJrf’zderFst):J.[EﬁJrE@nLEé}dt
: W% a T

iF(r).?dt

t

3.3 Properties of the Line Integral

Let F and G be two continuous vector point function and £ is any constant,
then

Where direction of ¢, is opposite to curve C.

&

[Fdr=[Fdr+|Fdr

C q C,

5. If the line integral depends only on the end points of the curve,
not on the path joining them then vector field is called conservative
vector field.

Let F=V¢ ; F isconservative field and ¢ is its scalar potential.

[Far = [ Fdr =),
C
:jj[%h%ﬂg—fé} et +ayj + dzk
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=I:(%dx+%dy+g—fdz)
=[ldp=[pL, =(b)-9(a)

Thus, if the curve is closed, then the line integral of conservative vector field

F(r)iszeroi.e. §F.dr =0.
C

3.4 Application of the Line Integral

(a) Circulation: If F' represent the velocity of a fluid and C is a closed curve,

then the integral jQF dr 1s called circulation of F around the curve C i.e.
C

Circulation = §F .dr
C

(b) Work done by a Force : If F represents the force acting on a particle
moving along an arc AB, then the work done by the force F during the

displacement from A4 to B is
B
Work done = _f JF dr
If F is a conservative vector field and ¢ is scalar potential of F', then
B
Work done = I JF dr
B
=[,Vodr
=¢(B)-¢(4)
If curve is closed, then work done j;F dr=0.
Example 1 Find the total work done in moving a particle in a force field given by
F =3xyi —5yj +10xk along the curve x =¢>+1, y=2¢>, z=¢> from r=1to r=2

Sol. Total work done = [ F.dr = j(3xyf —5z/ + 10xl€) . (dxf +dyj + dzl%)
c c

Since x=1%+1, y=2z‘2 and z=¢>
dr = dxi +dyj + dzk

= 2tdti + 4tdt) + 3t dtk
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Now work done = Lz [3(;2 + 1)2t25 —5°]+ 10(1‘2 + l)k] . [thtf +4tdij + 3¢ dik
~ [Pl2e +1)- 200 + 3022 1)) ar

~ P12 + 10/t 4126 300 )

6 ;5 A 3 2
j 210125 4305 | =303 units.
6 5 4 3,

Example 2 If F = (2x +y° )f +(2y- 4x)j’ . Evaluate §F .dr around a triangle ABC
C

in the xy-plane with A(0, 0), B(2, 0), C(2, 1) in counter clockwise direction. What
1s its value in clockwise direction.

Sol. The curve C is union of three curves C;, C, and Cj

§Fdr— IFdr+ IFdr+ IFdr
G ) G

=1, +1,+1, (say)
Along C;: Straight line AB, y=0, z=0 and x varies from 0 to 2.

Lr=xi=dr=dxi

1, —IFdr—I[(2x+y)l+(3y 4x) ] (dxi)

G

= j(2x+y )dx IZxdx

()34

c(2,1)

A(0,0) C, B(2,0)
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Along C,: The straight line BC, x=2, z=0 and y varies from 0 to 1.
Lr=2i+yj=>dr=dyj
Thus, I, = [F.dr= [(3y—4x)jdy

G G
1
=[(3y-8)dy
0
1
3 5 3 -13
(2y yjo 272

Along C; : The straight line CA,  z=0, 2y = x and x varies from 2 to 0

.'.r=xi+£j+0k:>dr=dxi+ﬂj= i+i dx
2 2 2

Thus, I;= IF.dr = _[[(2x+y2)i+(3y—4x)j]. (i+%)dx
C C

- | {(2x+y2)+%(3y—4x)}dx

G
0 2

:I 2x+x—+§x—4—x dx
5 4 4 2

0
(38 12 -1
12 8 12 8 6

The required integral in counter clockwise direction is

fFdr=n+1,+1,=4-2_0_~1
¢ 2 6 3

The value of the integral in clockwise direction.

jF.dr:—jF.dr =%

ol C

3.5 Surface Integral

Let R is the shadow region of a surface S defined by the equation
f (x, y,z)z C and g is a continuous function defined at the points of S, then the
integral of g over S is the integral
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|Vf|
v,z )dS = Y,z ) ——dA ...(3
Isjg(xy ) gg(xy )|Vf'| 3)

Where P is a unit vector normal to R and Vf.P #0. The integral itself is called a
surface integral.

3.6 Surface Integral for Flux

Suppose that F is a continuous vector field defined over a two-sided
surface S and 7 is the unit normal field on the surface. The integral of F.n over
S i1s called the flux across S in the positive direction

Flux = HFﬁdS

S
_ I( Ej Vel
2 [Vel)[Ve.P)
_ Vg
= g F.—|vgip| dA .. (@

Example 3 : Find the flux of the vector field
A=(x=2z)i +(x+3y+2z)j+(5x+ y)lg through the upper side of the triangle ABC
with vertices at the points A(1, 0, 0), B(0, 1, 0) and C(0, 0, 1).
Sol. Equation of the plane containing the give triangle ABC is
f(x,y,z)z x+y+z=1
Unit normal 7 to ABC is

ﬁz‘vf = i+jtk :L(i+j+k)

VAl Vi+1+1 3

z

C(0,0,1)

B(0,1,0)

A(1,0,0)
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4
A.k|
=AJgB[(x—2)i+(x+3y+z)j+(5x+y)k].(i+j‘§_k).dxldy
V3

Flux of 4= J.IA.fldS = J-J‘Afl
3 s

1I-x
I(x—2z+x+3y+z+5x+y)dxdy
0

1-x
_[[7x+4y (1-x—y)]dxdy
0

Il
O'—:'—‘

b 1-x
qx—1)y+—| dx
( )y 5; }

Il
O ey —

Example 4 : Evaluate H A.nds over the entire surface S of the region bounded by
S

the cylinder x* +z% =9, x=0, y=0, z=0 and y=8 where A =6zi+(2x+y)i—xk .
Sol. Here the entire surface S consist of 5 surfaces, namely. S : lateral surface of

the cylinder ABCD, S, : AOED, S;: OBCE, S, : OAB, S5 : CDE.
Z

Enzm 00 6 3)
v
0 B 3)
r+z =10

/ﬂa,n,m
i

57



Thus, ”A.ﬁdSz”S o A hdS

=[[A4.rdS+[ 4. ndS+. .+[[A. rdS+
S1 §2 Ss

=1 +1,+ 13+ 1, +15 (say)
S| : ABCD : The curved surface S; is f = x* +z% =9 The unit outward normal to
S) 18
Vf  2xi+2zk  xi+zk
|Vf| ) \/4x2 +4z2 B
(xi +)

A.ﬁ:[6zi+(2x+y)j—zk]k.( 3

n=

and n.k=2=
3
. 15 dxdy
A.ndS = —xz—=—
!{ y£0xj03 Z/3
83 5x9x8
=5 [ xdxdy = =180
00 2

S, : AOED : The surface S, is xy-plane i.e. z=0. Unit outward normal to the

surface is n=—k

([ 4.rids = [[[67i + (2x + y)j - xk]. (- k) EL
5, -k k|
8§ 3

:I dexdy
y=0x=0
xzf s 9

== .(»); ==x8=36
[2 . 2

S; : OBCE : Surface S; is yz-plane i.e. x=0. Unit outward normal to S is n=—i.

dyd

yA.ﬁdS= j ? [6Zi+(2x+y)j_Xk]‘(_i)|—i.i|
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38 2Y
= [[-6zdydz =—6 (7] () =216

00 0
S4 : OAB : The section OAB is in xz-plane i.e. y=0. The unit outward normal to
S4 1S n= —j .

o ([dids=] ] o+ (eey)i—xk) (1)L

S4

V99— x
J 2x dxdz
0

2x4/9 — x?

3
J
0
3
j 2x \/ﬁdx
0
3
J-
0

2 §/2
| P =§(—27):—18

N | W

S5 : CDE : The section S5 is parallel to xz-plane, y=8. The outward normal to S;
isn=j.

349- x2
j A.ﬁdS:I j [62i +(2x+ y)j — xk].(; )dXdZ
0 o0

55 j-Jl

ﬂ
=
S

(2x+8)dxdz

O —

(x4 8)(2 N ax

O ey W O —y W

3
= J.x+4 9—x2dx
0
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1
2 /2

J—x +4.% 9—x2+4.2sin_1£
32.(-2) 2 2 3
0
=18(1+7)

Thus, the required surface integral is

jjA.ﬁdS=180+36—216—18+18+18n=18n
S

3.7 Volume Integral

Let V be a region in space enclosed by a closed surface S. Let ¢ be a scalar

point function and F be a vector point function, then the triple integral

[[[¢av and [[[Fav

and called volume integrals.

Example 5 : Evaluate j” fdV where f =2x+y, Vis the closed region bounded
14

by the cylinder z =4 —x? and the planes x=0, y=0, y=2 and z=0.
N

y=2

W A

Y
0 B(0,0,4)
7
/A(2,0,0)
X
2 4-x2
- I [ fav = j [ 1(2x—y)dzddy
y=0x=0 z=0

2
J- I 2xz+ yz dxdy

y: :
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