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●The transformation relationship between Cartesian and Spherical coordinates 
system can be expressed as  

Cartesian to Spherical Spherical to Cartesian 

θ

θ

θ

φ
φ

cosr z

sinsinr y

cossinrx





 

























x

y
tan

zyx

z
cos

yx r

1-

222

1-

22

φ

θ

2z

 

●Generalized curvilinear coordinate system is simply a general way to represents 
all coordinate systems (Cartesian, Cylindrical and spherical etc) which may be 
orthogonal and nonorthogonal. 

●The scale factors, variables and unit vectors for three coordinate systems 
(Cartesian, Cylindrical and Spherical) can be tabulated as table.1. 

●Differential volume element for different coordinate systems can be expressed as 

Coordinate System Volume Element  

Curvilinear    321321 dududuhhh  

Cartesian    dzdydx  

Cylindrical    dzdφdrr  

Spherical    dφdθdrθsinr 2  

● Gradient for different coordinate systems can be expressed as 

Coordinate System Gradient  

Orthogonal 
Curvilinear 3

33

2

22

1

11

a
u

f

h

1
a

u

f

h

1
a

u

f

h

1
ffgrad ˆˆˆ












  

Cartesian zyx
a

z

f
a

y

f
a

x

f
 fgrad ˆˆˆ












  

Cylindrical zr
a

z

f
a

f

r

1
a

r

f
 fgrad ˆˆˆ φ 














 

 Spherical φθ ˆ
φθ

ˆˆ a
d

f

 sinr 

1
a

u

f

r

1
a

u

f
fgrad

2

r

1 










  
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● Divergence for different coordinate systems can be expressed as 

Coordinate 
System 

Divergence 

Orthogonal 
Curvilinear 

     



















213

3

312

2

321

1321

hhA
u

hhA
u

hhA
uhhh

1
divA  

Cartesian      



















zyx

A
z

A
y

A
x

divA  

Cylindrical      


















 rA
z

ArA
rr

1
divA

zr φφ
 

Spherical      


















 rAsinr AsinrA
rsinr

1
divA 2

r2 φθ φ
θ

θ
θ

θ
 

●In orthogonal curvilinear co-ordinates system curlA can be written as 

   

332211

321

332211

321

hAhAhA
uuu

ahahah

hhh

1
curlA












ˆˆˆ

 

●In orthogonal curvilinear co-ordinates system Laplacian vector f2  can be 
written as 

 


















































33

21

312

13

211

32

1321

2

u

f

h

hh

uu

f

h

hh

uu

f

h

hh

uhhh

1
f  

 

 

 Orthogonal coordinate system: When the surfaces intersect perpendicularly we 
have an orthogonal coordinate system. 

Curvilinear co-ordinates: The value of u1,u2,u3 for the three surfaces intersecting 
at P are called curvilinear co-ordinates or curvilinear surfaces 

 

Answers to Self Learning Exercise -I 

2.13 Glossary 

2.14 Answers to Self Learning Exercises 
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Ans.1 :  (0,0,0)   Ans.2 :  π)2φ(0     

Ans.3 :   René Descartes  Ans.4 :  dzdydxdv    
Ans.5 :  dzdd dv φρρ   Ans.6 :  φθθ dddr sin rdv 2  

Answers to Self Learning Exercise -II 
Ans.1 :  Conical    Ans.2 :  Plane  

Ans.3 :   A circular cylinder  Ans.4 :   5 units   

Ans.5 :  13  units   Ans.6 :  25 22   units 

 

Section-A (Very Short Answer Type Questions) 

Q.1   In orthogonal curvilinear coordinate system three axes are ………. to each 
other. 

Q.2  Write the formula to determine the base vector for coordinates system? 

Q.3   In which coordinate system uses two angles and one distance? 

Q.4  In which coordinate system uses two distances and one angle? 

Q.5  In which coordinate system uses only distance? 

Section-B (Short Answer Type Questions) 

Q.6   Compute the vector directed from (1,1,1) to (2,2,2) in Cartesian coordinates 
system. 

Q.7  Determine the value of A


  at point (1,-1,1). If k̂zĵzx- îxy A 2 


 

Q.8   Find the location of the point (1,2,3) in cylindrical coordinates system. 

Q.9  Write the formula of the base vectors for a coordinate system. 

Q.10  Find the location of the point (1,2,3) in spherical coordinates system. 

Section C (Long Answer Type Questions) 

Q.11  Determine the base vectors for the cylindrical coordinate system. 

Q.12  Determine the base vectors for the spherical coordinate system. 

Q.13  Derive the expressions for the distance between two points in the cylindrical 
and spherical coordinate systems. 

2.15 Exercises 
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Q.14 Evaluate the transformation relationship between cylindrical to spherical 
coordinate system. 

Q.15 Transform the vector k̂zĵzx- îxy A 2 


from Cartesian coordinates to 
cylindrical and spherical coordinate systems. 

 

Ans.1 :  Mutually Perpendicular   

Ans.2 :  Plane  

Ans.3:   Spherical 

Ans.4 :  Cylindrical  

Ans.5 :  Cartesian    
Ans.6 : 

 
zyx aaa A ˆˆˆ 


    

Ans.7 :   -1  

Ans.8 :   r = 5 units, 3463  φ , z =3  

Ans.9 :  1,2,3i
u

R
b

i

i 






  

Ans.10 :  r = 14 units, 
990.θ , 3463  φ   

 

1.  K.D. Prasad, ‘Electromagnetic Fields and Waves’, 1st edition, Satya Prakashan, 
New Delhi (1999). 

2. Satya Prakash, ‘Electromagnectic Theory and Electrodynamics’, Eleventh 
edition, Kedar Nath Ram Nath & Co. Meerut (2000). 

3. B.S. Rajput, Mathematical Physics, 1st edition,Pragati Prakashan, Meerut 
(INDIA). 

4.  George Arfken, ‘Mathematical Methods for Physicists’, 2nd edition, Academic 
press,1970. 

 

 

2.16 Answers to Exercise 

References and Suggested Readings 
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UNIT -3 

Gauss’s theorem, Stokes’s theorem 

Structure of  the Unit 

3.0 Objectives 

3.1 Introduction 

3.2 Line Integrals 

3.3 Properties of the Line Integral 

3.4 Application of the Line Integral 

3.5 Surface Integral 

3.6 Surface Integral for Flux  

3.7 Volume Integral  

3.8 Self Learning Exercise 

3.9 Gauss Divergence Theorem  

3.10 Applications of Gauss’s divergence theorem 

3.11 Stoke’s Theorem  

3.12 Summary 

3.13 Glossary 

3.14 Answers to Self Learning Exercise 

3.15 Exercise 

3.16 Answers to Exercise 

      References ad Suggested Readings 

3.0 Objective 

After gone through this unit learner will able to solve any physical problem in 
which vector integration is used. Learner can apply Gauss divergence theorem & 
convert surface integral into volume integral. 

 

UNIT-3 

Gauss’s theorem, Stokes’s theorem 

3.0 Objectives 
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3.1 Introduction  

In this unit integral calculus part of vector calculus is discussed. Vector line 
integral, vector surface integral & volume integral are explained. Using of Gauss 
divergence theorem & Stoke theorem with various examples are explained. 

3.2 Line Integrals 

 Suppose a continuous vector function  z,y,xF  defined at each point of the 
curve C 

         k̂thĵtgîtftr  , bta  . 

We partition the curve into a finite number of sub arcs.  The typical sub arc has 
length  ks  in each sub arc we choose we point  kkk z,y,x  and from the sum 

   



n

k
kkkkn sz,y,xFS

1
                 (1) 

The sum in (1) approaches a limit as n  increases, and the length ks  approach 
zero. We call this limit the integral of F over the Curve C from a  to b .  

     



n

k
kkkk

nC
sz,y,xFlimz,y,xf

1
               (2) 

 

Let  rF  be a continuous vector function, then component of  rF  along the 
tangent at P is  

 
ds
dr.rF  (

ds
dr  is unit tangent vector at P) 

 Z

Y

X

O

t=b 

S  zyxP ,,  

C

b  

a  

3.1 Introduction 

3.2 Line Integrals 
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and   







C ds
dr.rF  or  

C
dr.rf  

is called the tangent line integral of  rF  along the curve C. 

Let    k̂FĵFîFrF 321   

 k̂zĵyîxr   

     1 2 3
ˆ ˆˆ ˆ ˆ ˆ. .

C C

F dr Fi F j F k dxi dyj dzk     
   

    1 2 3 1 2 3
C C

dx dy dzF dx F dy F dz F F F dt
dt dt dt

           

   
C

dt
dt
dr.rF  

3.3 Properties of the Line Integral 
 Let F and G be two continuous vector point function and k  is any constant, 
then 

 1. . .
C C

k F dr k F dr 
   

 

 2.  . . .
C C C

F G d r F d r G d r    
      

    

 3. 
1

. .
C C

F dr F dr  
    

           Where direction of 1C  is opposite to curve C.
 
 

 4. 
1 2

. . .
C C C

F dr F dr F dr   
      

5. If the line integral depends only on the end points of the curve,             
not on the path joining them then vector field is called conservative 
vector field. 

              Let F  ;    F  is conservative field and   is its scalar potential. 

 . . ( )
b b

aa
C

F dr F dr   
    

                



















b
a k̂dzĵdyîdx.k̂

z
ĵ

y
î

x
  

3.3 Properties of the Line Integral 
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               



















b
a dz

z
dy

y
dx

x
  

                
b
a

b
ad      ab    

Thus, if the curve is closed, then the line integral of conservative vector  field 

 rF  is zero i.e.   
C

dr.F 0 . 

3.4 Application of the Line Integral 
   (a) Circulation: If F  represent the velocity of a fluid and C is a closed curve, 
then the integral 

C
dr.F  is called circulation of F  around the curve C i.e. 

  Circulation 
C

dr.F  

  (b) Work done by a Force : If F  represents the force acting on a particle 
moving along an arc AB , then the work done by the force F  during the 
displacement from A  to B  is 

 Work done 
B
A dr.F  

If F  is a conservative vector field and   is scalar potential of F , then 

 Work done 
B
A dr.F  

          
B
A dr.  

            AB    

If curve is closed, then work done 0 dr.F . 

Example 1  Find the total work done in moving a particle in a force field given by 

k̂xĵyîxyF 1053   along the curve 12  tx , 22ty  , 3tz   from 1t  to 2t  

Sol.  Total work done     
CC

k̂dzĵdyîdx.k̂xĵzîxydr.F 1053  

  Since 12  tx , 22ty   and 3tz   

   k̂dzĵdyîdxdr   

                  k̂dttĵtdtîtdt 2342   

3.4 Application of the Line Integral 
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Now work done        
2

1
22322 3421105213 k̂dttĵtdtîtdt.k̂tĵtîtt  

      
2

1
22423 13020112 dtttttt  

   
2

1
2343 30121012 dttttt  

  













2
1

2

1

3456
303

3
30

4
12

5
10

6
12 t.t.t.t.  units. 

Example 2 If     ĵxyîyxF 422 2  . Evaluate 
C

dr.F  around a triangle ABC 

in the xy-plane with A(0, 0), B(2, 0), C(2, 1) in counter clockwise direction. What 
is its value in clockwise direction. 

Sol.  The curve C is union of three curves 1C , 2C  and 3C  

   
321 CCCC

dr.Fdr.Fdr.Fdr.F  

               321 III   (say) 

Along 1C : Straight line AB, y=0, z=0 and x varies from 0 to 2. 

 dxidrxir   

         
1

.432.1
CC

dxijxyiyxdrFI  

   
2

0

2 22
1

xdxdxyx
C

     

        4
2
0

2  x   

 

 

 Y

X
A (0 , 0) B (2 ,0 )

C(2 , 1 )

1C

2C3C
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Along 2C : The straight line BC, x=2, z=0 and y varies from 0 to 1. 

 jdydryjir  2  

Thus,   
22

432
CC

jdy.jxydr.FI  

          
1

0
83 dyy  

                 
1

0

2 8
2
3







  yy

2
138

2
3 

  

Along 3C : The straight line CA, z = 0, 2y = x and x varies from 2 to 0 

 dxjijdxdxidrkjxxir 





 

22
0

2
 

Thus,      





 

CC
dxji.jxyiyxdr.FI

2
432 2

3  

        






 

3

43
2
12 2

C
dxxyyx  

               











0

2

2

2
4

4
3

4
2 dxxxxx  

              
0

2

23

8
3

12 











xx  
6
13

8
12

12
8 

   

The required integral in counter clockwise direction is 

 
3
14

6
13

2
134321


 IIIdr.F

C
 

The value of the integral in clockwise direction. 

  
CC

drFdrF ..
1

 
3

14
  

3.5 Surface Integral 
 Let R  is the shadow region of a surface S  defined by the equation 
  Cz,y,xf   and g  is a continuous function defined at the points of S , then the 

integral of g  over S  is the integral 

3.5 Surface Integral 



56 
 

      



RS

dA
.f

f
z,y,xgdSz,y,xg     … (3) 

Where P is a unit vector normal to R  and 0 P.f . The integral itself is called a 
surface integral. 

3.6 Surface Integral for Flux  
 Suppose that F  is a continuous vector field defined over a two-sided 
surface S  and n̂  is the unit normal field on the surface. The integral of n̂.F  over 
S  is called the flux across S  in the positive direction 

   Flux  
S

dSn̂.F  

            

















R

dA
P.g

g
g
g.F  

            



R

dA
P.g

g.F      … (4) 

Example  3  :  Find the flux of the vector field 

     k̂yxĵzyxîzxA  532  through the upper side of the triangle ABC 
with vertices at the points A(1, 0, 0), B(0, 1, 0) and C(0, 0, 1).  

Sol. Equation of the plane containing the give triangle ABC is 

   1 zyxz,y,xf  

Unit normal n̂  to ABC is 

 ˆ
1 1 1

f i j kn
f

  
 
  

 kji 
3

1  

 

 

Y

X

A(1,0,0)

B(0,1,0)

C(0,0,1)

Z

O

n̂

3.6 Surface Integral for Flux  
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Flux of ˆ ˆ. .
ˆ.S S

dAA A nds A n
n k

      

           





AOB

dxdy.kji.kyxjzyxix

3
13

532  

                



1

0

1

0
532 dxdyyxzyxzx

x
   

     



1

0

1

0
147 dxdyyxyx

x
 

     dxyyx
x















1

0

1

0

2

2
518  

        dxxxx 



 

1

0

21
2
5118  

              
3
5

2
32

6
11

2
32

32
11

1

0

2
3



















 xxx

 
Example 4 : Evaluate 

S
dsn̂.A  over the entire surface S  of the region bounded by 

the cylinder 922  zx , x=0, y=0, z=0 and y=8 where   xkiyxziA  26 . 

Sol. Here the entire surface S  consist of 5 surfaces, namely. 1S  : lateral surface of 
the cylinder ABCD, 2S  : AOED, 3S : OBCE, 4S  : OAB, 5S  : CDE. 
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Thus, 
1 2 3 4 5

ˆ ˆ. .
S S S S S

S

A ndS A ndS
   

    

            
521 SSS

dSn̂.A...dSn̂.AdSn̂.A  

         54321 IIIII   (say) 

1S  : ABCD : The curved surface 1S  is 922  zxf . The unit outward normal to 

1S  is  
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f
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
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
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                and 
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 
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1 y xS z
dxdyxzdSn̂.A  

          
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0
5 xdxdy 180
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895





 

2S  : AOED : The surface 2S  is xy-plane i.e. z=0. Unit outward normal to the 
surface is kn̂   

       


k.k
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y ox
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








 y.x  

3S  : OBCE : Surface 3S  is yz-plane i.e. x=0. Unit outward normal to 3S  is in̂  . 

       
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                     
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4S  : OAB : The section OAB is in xz-plane i.e. y=0. The unit outward normal to 

4S  is jn̂  . 
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5S  : CDE : The section 5S  is parallel to xz-plane, y=8. The outward normal to 5S  
is jn̂  . 
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   
 

1

0

12
232

32
949

2
4
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92














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


  xsin.xx.
.
x    

    118  

Thus, the required surface integral is 

   1818181821636180 
S

dSn̂.A  

3.7 Volume Integral  
 Let V be a region in space enclosed by a closed surface S. Let   be a scalar 
point function and F be a vector point function, then the triple integral 

    
V

dV  and   
V

FdV  

 and called volume integrals. 

Example 5 : Evaluate   
V

fdV  where yxf  2 , V is the closed region bounded 

by the cylinder 24 xz   and the planes 0x , 0y , 2y  and 0z . 

 

  Sol.         
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A(2,0,0)

B (0,0,4)
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0z
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3.7 Volume Integral  


