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        
 


2

0

2

0

22 442
y x

dxdyxyxx  

   








 

2

0 3
88816

y
dyyy  

   
3

80
3

3216
23

168
2

0

2













yy  

Example 6 : Evaluate the value of   
V

dVFdiv


, where k̂zĵîxF 224 


 and V 

is the region bounded by 422  yx ; 0z  and 3z . 

Sol.    First we take 

   k̂zĵyîx.
z

k̂
y

ĵ
x

îF.Fdiv 2224 





















 

Now       


R
z

V
dzdydxzydVFdiv 3

0
244


 

                
R

dydxzyzz
3
0

244  

                 
R

dydxy 9112  

(Taking parametric equation of the curve 422  yx  i.e., cosrx  , sinry 
drdrdydx  ) 

     
R

drdrsinr 1221  

     






2

0
2

0 1221r drdrsinr  

   dsinrr
2

0

2
0

3
2

4221











  

    
 dsin 

2
0 3242  

     2
03242 cos  
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 84323284   
0  

3.8 Self Learning Exercise 

Q.1   Work done by a particle in a force field F


 on moving particle from point A 
to point B is given by.. 

Q.2 Write the unit normal vector to surface 2222 azyx   at point 







 0

2
1

2
1 ,, . 

Section – B (Short Answer type Question) 

Q.3  Find the circulation of ĵ
yx

xî
yx

yF 2222 








 round the circle 

122  yx  in xy  plane. 

Q.4   Evaluate 
S

dSn̂.F


 where   k̂yzĵxîyxF 2222 


 & S  is surface of plane 

622  zyx  in first octant. 

Section – C (Long Answer type Question) 

Q.5   Evaluate 
V

dVFdiV


 where  k̂yzĵxzîzyF 222222 


 & V  is volume 

bounded by sphere 1222  zyx  above xy -plane. 

Q.6 Evaluate 
S

dsFCurl


 where k̂zxĵyzîxyF  2


 & S  is open surface of 

rectangle parallel piped formed by planes 0x , 1x , 0y , 2y  & 
3z  above xy -plane. 

3.9 Gauss Divergence Theorem  

The Gauss divergence theorem transforms double (surface) integral into 
volume Integral with the help of divergence of a vector point function. Gauss’s 
divergence theorem is also known as Ostogradsky’s theorem. 

Statement : If F


 be a continuously differential vector point function and S  is a 
closed, smooth and orientable surface enclosing a region V , then 

3.8 Self Learning Exercise 

3.9 Gauss Divergence Theorem  
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  ˆ. div . . .
S S V

F ndS F dV F dV    
   

 

or ˆ. div
S V

F ndxdy F dxdydz 
 

, 

where n̂  is the unit outward drawn normal vector on the surface S . 

3.10 Applications of Gauss’s divergence theorem 

 The divergence theorem finds applications in evaluating the integrals of dot 
and cross products of vector fields and scalar fields. 

(A) Product of a scalar function  z,y,xg  and a vector field  z,y,xF


 

 The surface integral, with respect to a surface S , of the scalar product Fg


 
is evaluated by using the following result: 

       
VS

dVF.gg.Fdsn̂.Fg


  

(B) Cross product of two vector fields GF


  : 

 The surface integral, with respect to a surface S , of the cross product GF


  
is evaluated by using the following result : 

         
VS

dVG.FF.GdS.GF


 

(C) Product of scalar function  z,y,xf  and a non zero constant vector 

 Following result exists for the evaluation of surface integral of product of a 
scalar function, f , and a non zero constant vector. 

   
VS

dVffdS


 

(D) Cross product of a vector field F


 and a non-zero constant vector  

 Application of divergence theorem to the cross product of a vector field F


 
and a non-zero constant vector, gives following result: 

    
VS

dVFFSd


 

3.10 Applications of Gauss’s divergence theorem 
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Example 7 : Evaluate the surface integral 
S

dsn̂.F


, where 

   k̂ĵîzyxF  222
, S  is the tetrahedron 0x , 0y , 0z , 2 zyx  

and n̂  is the unit outward drawn normal to the closed surface S . 

Sol. It is convenient to use Gauss’s theorem for the evaluation of the integral.  

 
By Gauss’s theorem 

  
VS

dV.Fdivdsn̂.F


 

Here    k̂ĵîzyxF  222
 

   222 zyx
x

Fdiv 






 zyx 222   

    
VS

dVzyxdsn̂.F 2


 

         
 


2

0

2

0

2

0
2

x yx
dzdydxzyx  

        
 














2

0

2

0

2

0

2

2
2

x yx

dydxzzyx  

            






 

2

0

2

0

22
2
122

x
dydxyxyxyx  

   
 













 


2

0

2

0

2

2
22

x

S
dydxyxdsn̂.F


 

 

A(2,0,0)

(0,2,0)

C(0 ,0,2)

O

n̂

z

x

yB
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       














 


2

0

2

0

3

6
22 dxyxy

x

 

       













2

0

3

66
8222 dxxx    4

243
82

2

0

4
2 












xxx  

Example 8 : Verify divergence theorem for      k̂xyzĵzxyîyzxF  222
 

taken over the rectangular parallelepiped ax 0 , by 0 , cz 0 . 

Sol.  

 
 For verification of divergence theorem, we shall evaluate the volume and 
surface integrals separately and show that they are equal 

Now,  div        zyxxyz
z

zxy
y

yzx
x

F 











 2222
 

       
c b a

V
dzdydxzyxdVFdiv

0 0 0
2


 

    























c b
a

dydzzxyxx
0 0

0

2

2
2  

            


































c
b

c b dzazyayyadydzzayaa
0

0

22

0 0

2

22
2

2
2  

                
c

c zabzabzbadzabzabba

0

222

0

22

222
2

22
2























   

          cbaabcabccabbca  222   … (1) 

To evaluate the surface integrals, divide the closed surface S  of the rectangular 
parallelepiped into 6 parts. 
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 1S  : the face BCOA  , 2S  : the face CAOB  , 3S  : the face BPCA  , 4S  : the 
face BPCA  , 5S  : the face ABOC  , 6S  : the face CPAB   

 Also 

1 2 3

4 5 6

ˆ ˆ ˆ ˆ. . . .

ˆ ˆ ˆ. . .
S S S S

S S S

F ndS F ndS F ndS F ndS

F ndS F ndS F ndS

  

  

   
  

   

     

On  01 zS , we have k̂n̂  , k̂xyĵyîxF  22
 

So that      xyk̂.k̂xyĵyîxn̂.F  22
 

    













bbb a
S

baydyadyxyxydxdydSn̂.F
0

22

0

22

0 0 422


 

On  czS 2 , we have k̂n̂  ,      k̂xycĵcyyîcyxF  222
 

So that         xyck̂.k̂xycĵcyyîcyxn̂.F  2222
 

     













bb a
S

baabcdyyaacdydxxycdSn̂.F
0

22
2

2
2

0 0
2

422


 

On  03 xS , we have în̂  , k̂zĵyîyzF 22 


 

So that      yzî.k̂zĵyîyzn̂.F  22
 

    
cc b

S
cbzdzbdzdyyzdSn̂.F

0

222

0 0 423


 

On  axS 4 , we have în̂  ,      k̂ayzĵazyîyzaF  222
 

So that         yzaî.k̂ayzĵazyîyzan̂.F  2222
 

      











cc b
S

cbbcadzzbbadydzyzadSn̂.F
0

22
2

2
2

0 0
2

424


 

On  05 yS , we have ĵn̂  , k̂zĵzxîxF 22 


 

So that      zxĵ.k̂zĵzxîxn̂.F  22
 

     
aa c

S
cadxxcdxdzzxdSn̂.F

0

222

0 0 425


 

On  byS 6 , we have ĵn̂  ,      k̂bxzĵzxbîbzxF  222
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So that         zxbĵ.k̂bxzĵzxbîbzxn̂.F  2222
 

     
a c

S
dxdzzxbdSn̂.F

0 0
2

6


 

         











c cacabdxxccb
0

22
2

2
2

42
 

   
444444

22
2

2222
2

2222
2

22 cacabcacbbcacbbaabcbadSn̂.F
S




 

          … (2) 

The equality of (1) and (2) verifies divergence theorem. 

Example 9 : Verify divergence theorem for k̂zĵyîxF 2224 


 taken over the 

region bounded by the cylinder 422  yx , 0z , 3z . 

Sol.  Since  div       zyz
z

y
y

x
x

F 24424 22 














 

 
 

     
VV

dzdydxzydVFdiv 244


 

                





2
2

4

4

3
0

2

2
244x

x
dxdydzzy  

               





2
2

4

4

3
0

2
2

2
44x

x
dxdyzyz  

                  








2
2

4

4

2
2

4

4

2

2

2

2
2191212 x

x

x

x
dxdydxdyy  

[since y12 is an old function    
a
a dyy 012 ]  
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             


2
0

22
2

2 484442 dxxdxx  

             1sin284
2

sin
2
4

2
484 1

2

0

1
2

 
















xxx  

             84
2

284 



      … (1) 

To evaluate the surface integral divide the closed surface S  of the cylinder into 3  
parts. 

1S  : the circular base in the plane 0z  

2S  : the circular top in the plane 3z  

3S  : the curved surface of the cylinder, given by the equation 422  yx  

Also    
321 SSSS

dSn̂.FdSn̂.FdSn̂.FdSn̂.F


 

On  01 zS , we have k̂n̂  , ĵyîxF 224 


 

So that      024 2  k̂.ĵyîxn̂.F


 

  0
1

S dSn̂.F


 

On  32 zS , we have k̂n̂  , k̂ĵyîxF 924 2 


 

So that    9924 2  k̂.k̂ĵyîxn̂.F


 

   
222

99
SSS

dydxdydxdSn̂.F


 

         9  area of surface    3629 2
2  .S  

On 3S , 422  yx  

A vector normal to the surface 3S  is given by   ĵyîxyx 22422   

   n̂      a unit vector normal to surface 3S  

         
44
22

44

22
22 









ĵyîx

yx

ĵyîx , [since 422  yx ] 

         
2

ĵyîx 
  
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       n̂.F


       3222 2
2

24 yxĵyîx.k̂zĵyîx 






 
  

Also, on 3S , i.e., 422  yx , cosx 2 , siny   and dzddS 2 .  

To cover the whole surface 3S , z  varies from 0 to 3 and   varies from 0 to 2 . 

         



2
0

3
0

32 2222
3

ddzsincosdSn̂.F
S


 

           



2
0

32 316 dsincos  

           



2
0

32 4848 dsincos  







   

2
0

2
0

322
0

2 0
22

14   dsin,dcosdcossince  

   8448360 S dSn̂.F


 

The equality of (1) and (2) verifies divergence theorem. 

3.11 Stoke’s Theorem  
 The Stoke’s theorem transforms line integral into surface integral with the 
help of curl of a vector point function. Stoke’s theorem is the vector form of 
Green’s theorem or generalized Green’s theorem. 

Statement : If S  is the open surface bounded by a closed curve  C and 

k̂fĵfîfF 321 


 is any continuously differentiable vector function, then 

   ˆ ˆ. . .
C S

F d r Curl F nds F nds    
  

, 

Where n̂  is the unit outward normal drawn to the surfaces. 

Example 10 : Evaluate   
S

dsn̂.A


 over the surface of intersection of cylinders 

222 ayx  , 222 azx  , which is included in the first octant given that 

   k̂zxĵyxîyzA  2232


. 

Sol. By Stoke’s theorem 

      
CS

rd.Adsn̂.A 
 

3.11 Stoke’s Theorem  
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Here C  is the curve consisting of four arcs namely 1C : AB , 2C  : BP , 3C  : PD , 

4C  : DA . Thus, we evaluate RHS of (1), along these four arcs one by one. 

 
Along 1C  : 0z , yayx 222   varies from 0 to a . 

       
11

2232
CC

dzzxdyyxyzdxrd.A 
 

       
1

23
C

dyyx  

       



 

a
dyyya

0

22 23  

      
a

yyysinayay

0

21
2

22 2
2
3

222 










   

       aaard.A
C

2
2

3
2

22

1




   (2) 

Along 2C  : 0x , ay  ; 0dx ; 0dy  and z  varies from 0 to a  

  
22

2

0

2

022

azzdzzdzrd.A
aa

CC











 


   … (3) 

Along 3C  : 0x , az  ; 0dx ; 0dz  and y  varies from a  to 0 

      
a

CC
dyydyyrd.A

0
2323

33


 

   aayy

a

2
2

32
2

3 202













     … (4)  
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Along 4C  : 0y , 222 azx  , z  varies from a  to 0 

      
0

22
0

2

4 aaC
dzzzadzzxrd.A 

 

    
23

2
23

1 2302
32 aazzza

a











    … (5) 

Thus, the desired integral is sum of (2), (3), (4), (5) 

i.e.  
23

22
2

3
2

2
2

3
4

232222 aaaaaaaadsn̂.A
S




 

                aaaa 83
123

2
4

232
    Ans. 

Example 11 : Verify Stoke’s theorem for    kzxzxyjiyxF 32 235   over 

the surface of the hemisphere 16222  zyx  above the xy -plane. 

Sol. Here S  is the surface 16222  zyx  and C  is the boundary of the 

hemispherical surface and is given by C  : 1622  yx . 

  tcosx 4 , tsiny 4 , 0z , 20  t  

  ktjsinticosr 044   

 dttjcostisindr 44   

and   tjcos.tsinitsintcosF 484416 2   

 
Stoke’s theorem is 
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 
k.n

dAn̂.Fdr.F
R

C
   

Where R  is the region in xy -plane bounded by curve C  

L.H.S. of Stoke’s theorem 


C

dr.F  

   
2

0

222 192161664 dttcostsintsintsintcostsin  

 








 




2

0

2 16
2

116128 dttsintcostsintcos  

  2

0

3
16248

3
128















 tcostsinttcos

16   … (1) 

 Now 

22 234 zxzxyyx
zyx

kji

F











  

                   130200  ykzji  

               kyzj 132   

   
4444

222
222

zkyjxi

zyx

zkyjxin̂ 












  

        zyyz 132
4
1

  

       1
4
3

4



 yzyz  

R.H.S. of Stokes theorem  
k.n

dxdyn̂.F
R
   

    
4

1
4 z

dxdy.yz

R
   

                         







4

4

16

16

2

2

1
x

x

dydxy  
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         







4

4

16

16
2

2

2
dxyy

x

x
 

            



4

4

2162 dxx  

                         
4

4

12
42

1616
2

2


 





 

xsinxx  

                                      





 

22
16   

                                       16  L.H.S. Hence verified. 

Example 12 If      kzyxjyxzixzyF 222222222   Evaluate 

  
S

dsn̂.F  taken over the surface 0222  azaxyxS , 0z  

Sol. The given surface 0222  azaxyxS  is bounded by the curve C  : 

0222  axyx , 0z . 

 or   222 ayax  , 0z  

 or tcosaax  , tsinay  , 0z  

    tjsinaitcosar  1  

   dttjcosatjsinadr   

and 

       ktcosajtsinatcosaitcosatsinaF  1211 222223222

By Stokes theorem 

     dr.Fnds.F
S

 

         
2

0

222222 11 dttcosatsintcosatsinatcostsina

      
2

0

223 1212 dttcostcostsintcostsina  

   

















 









  

 2

0

2
2

0

3 2
2

1
2

22 dttcostsintcostcosdttsintsina
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  

















 









  

 2

0

2
2

0

3 2
2

1
2

22 dttcostsintcostcosdttsintsina

 
 2

0

3
333

2

0

2
3

2
2

22
4

22

















 






 

tsinatsintatsinatcostcosa  

       
32 a  

Example 13 : Use Stoke’s theorem to evaluate C rd.F 
 where 

  ĵxcosîyxsinF 


  and C  is the boundary of the triangle whose vertices are 
 00, ,  02 ,  and  12 , . 

Sol. Evaluating C rd.F 
 by using Stoke’s theorem means expressing the line 

integral in terms of its equivalent surface integral and then evaluating the surface 
integral. 

 By Stoke’s theorem  
SC

Sd.Fcrulrd.F


, where S  is any open two-

sided surface bounded by C . 

 
To simplify the work, we shall choose S  as the plane surface R  in the XY -plane 
bounded by C . 

  
SC

dydxk̂.Fcurelr.F
  [  for the XOY -plane , k̂n̂   and dydxdS  ] 

 For this problem, 

  Curl 

 
 k̂xsin

xcosyxsin
zyx

k̂ĵî

F 1

00
















 

  The given line integral 
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     
R

dydxxsin1  

        
1

0

1

0

2
2

2
2

1 



 yy

xcosxdydxxsin  

    





 

1

0 222
dyycosy   

   





 2
42

2
42

1

0

2















ysinyy  

3.12 Summary 
 In this unit line integral in vector calculus is discussed. After that volume 

& surface integral are discussed. Conversion of line integral into surface integral & 
surface integral into volume integral is explained. Use of Gauss divergence 
theorem & Stokes theorem is discussed by using various examples. 

3.13 Glossary 

Vector :  A physical quantity having both magnitude & directions. 

Line Integral : An integral calculated along a curve. 

Surface Integral : An integral calculated on the surface of any curve. 

3.14 Answer to Self Learning Exercise 

 Ans.1 :   
B
A rd.F 

    Ans.2 :   ĵî
2

1
2

1
  

 Ans.3 :   2      Ans.4 :     37   

 Ans.5 :  
12
      Ans.6 :    1 

3.15 Exercise 

Section – A (Very Short Answer Type Question) 

Q.1 State Gauss divergence theorem. 

Q.2 State Stoke’s theorem. 

 

3.12 Summary 

3.13 Glossary 

3.14 Answer to Self Learning Exercise 

3.15 Exercise 


