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Q.3 Write value of   
S

Sd.F


 in line integral. 

Q.4 Write value of line integral of ĵxîxF 22 


 along x -axis from 1x  to 
2x . 

Q.5 If C  is closed curve then write value of C rd.F 
 where F


 is conservative 

field. 

Section – B (Short Answer type Question) 

Q.6 Find the work done in the force field  k̂xĵxîeF zy 22  
 in moving the 

particle from  000 ,,  to  122 ,, . 

Q.7 Evaluate   
C

dyxyxydx 2  where C  is boundary of square in xy -plane with 

vertices  01, ,  01, ,  10, ,  10 ,  using Stoke’s theorem. 

Q.8 Evaluate C rd.F 
 where ĵxîyF 


 & C  is boundary of ellipse 

12

2

2

2


b
y

a
x , 0z . 

Q.9 Evaluate S dSn̂.F


 where k̂zĵyîxF 2224 


 & S  is region bounded by 

422  yx  & plane 0z  to 3z . 

Q.10 Evaluate S dSn̂.F


 where 3r
rF


  & S  is surface 2222 azyx  . 

Section – C (Long Answer type Question) 

Q.11 Verify Gauss divergence theorem for k̂yzĵyîxzF  24


 over the surface of 
cube bounded by 0n , 0y , 0z , 1x , 1y , 1z . 

Q.12 Verify Gauss divergence theorem for   k̂xĵxyîzxF 4232 2 


 over the 
region bounded by co-ordinate planes & 422  zyx . 

Q.13 Verify Gauss divergence theorem for k̂zĵyîxF 222 


 over the surface 

of ellipsoid 12

2

2

2

2

2


c
z

b
y

a
x . 

Q.14 Verify Stoke’s theorem for vector point function ĵyxîxF  2
 round the 

square in plane 0z  whose sides are along straight lines 0 yx  & 
ayx  . 
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Q.15 Verify Stoke’s theorem for   k̂xyĵxzxîyF  2


 over the surface of 

sphere 2222 azyx   above xy -plane. 

3.16 Answers to Exercise 

Ans.3 :  C rd.F 
   Ans.4 :   3  

Ans.5 :    0    Ans.6 :   42e  

Ans.7 :   
3
4          Ans.8 :    0  

Ans.9 :    84    Ans.10 :   4  
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4.0 Objective 
In this unit we are going to discuss about tensors  and its properties. 

After going through this unit you will be able to learn 

 N-dimensional space 

 Contravariant and covariant vectors  

UNIT- 4 

Tensor Analysis 

4.0 Objectives 
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 Algebraic operations with tensors  

 Contraction ,Direct product, Quotient rule 

 Symmetric and anti-symmetric tensor, Pseudo-tensor 

4.1 Introduction 
 The fundamental postulate of Physics is that the laws of nature are 
covariant. The meaning of covariant is that they have the same form in all 
reference frames. Tensor formulation is a mathematical tool in which all the 
physical laws can be formulated in a covariant way.  

 The tensor formulation was originally given by G. Ricci and it became 
popular when Albert Einstein used it as a natural tool for the description of his 
general theory of relativity. It has became an important mathematical tool in almost 
every branch of theoretical physics such as Mechanics, Electrodynamics, 
Elasticity, Fluid mechanics etc. Tensor analysis is the generalization of vector 
calculus. 

4.2 N-dimensional space  
 In three dimensional space (Cartesian system), the coordinates of a point 
are given by (x, y, z) where x, y, z are numbers. For the generalization of concept 
of space, from three dimensions to N-dimensions this representation is not suitable. 

An ordered set of N real variables ݔଵ, ,ଶݔ … . .  ே can be associated with a pointݔ
in space and will be called the coordinates of the point. All the points 
corresponding to all of the coordinates are said to form an N-dimensional space, 
denoted by ேܸ . 

Transformation of Coordinates:- 

 The process of obtaining one set of numbers from the other is known as 
coordinate transformation. Consider two different N-dimensional spaces. Let us 

consider two sets of variables (ݔଵ, ,ଶݔ … . ,ᇱଵݔ) ே) andݔ ,ᇱଶݔ … .  ே). A′ݔ

transformation from (ݔଵ, ,ଶݔ … .  ே) to the new set of variablesݔ

,ᇱଵݔ) ,ᇱଶݔ … .  ே) through the equations′ݔ

ᇱ௜ݔ = ݂௜(ݔଵ, ,ଶݔ … .  ே)                                         (1)ݔ

4.1 Introduction 

4.2 N-dimensional space  
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gives a transformation of coordinates. Here ݂௜  is assumed to be single valued real 
function of the coordinates and possess continuous partial derivatives. This ensures 
the existence of inverse transformation and is given as  

௜ݔ = ݃௜(ݔᇱଵ, ,ᇱଶݔ … .  ᇱே)                                           (2)ݔ

The suffixes or indices i, j in ܣ௝௜  are called superscript and subscript respectively. 

Concepts of Scalar, Vector and Tensor: - 
Scalar: A physical quantity that can be completely described by a real number. 
Example:- Temperature, mass, density, potential etc.  The expression of its 
component is independent of the choice of the coordinate system. 

Vector: A physical quantity that has both direction and length. Example:- 
Displacement, velocity, force, heat flow etc.  The expression of its component is 
dependent of the choice of the coordinate system. 

Tensor: A tensor defines an operation that transforms a vector to another vector. A 
tensor contains the information about the directions and the magnitudes in those 
directions.  

4.3  Contravariant and Covariant Vectors 

Contravariant vectors:- 

A set of N functions ܣ௜(݅ = 1 …ܰ) of the N coordinates ݔ௜(݅ = 1 …ܰ) are 
said to be components of a contravariant vector if they transform according to the 
equation 

 

i
i j

j

xA A
x
 


                                                       (3) 

on change of the coordinates ݔ௜ to ݔᇱ௜ . 
Covariant vectors:- 

A set of N functions ܣ௜(݅ = 1 …ܰ) of the N coordinates ݔ௜(݅ = 1 …ܰ) are 
said to be components of a covariant vector if they transform according to the 
equation 

 
j

ii j

xA A
x
 
                                         (4) 

4.3  Contravariant and Covariant Vectors 
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on change of the coordinates ݔ௜ to ݔᇱ௜. 
Only in Cartesian coordinate 

ᇱ௜ݔ߲

௝ݔ߲
=
௝ݔ߲

ᇱ௜ݔ߲
                                                  … (5) 

So that there is no difference between covariant and contravariant 
transformations in Cartesian coordinates. In other coordinate systems, eqn. (5) in 
general doesn’t apply and there is difference between covariant and contravariant 
transformations in other coordinate systems. This is important in the curved 
Riemannian space of general relativity. 

Definitions of tensors of rank 2:- 

The rank goes as the number of partial derivatives in the definition: 

 0 for scalar, 1 for vector, 2 for a second rank tensor and so on. 

A covariant tensor ܣ௜௝  of rank two is transformed as  

 

k l

i jij kl
kl

x xA A
x x
  
                            (6) 

A contravariant tensor ܣ௜௝  of rank two is transformed as 

 

i j
ij kl

k l
kl

x xA A
x x
   

                              (7) 

A mixed tensor is contravariant in some indices and covariant in the others. A 

mixed tensor ܣ௝௜  of rank two is transformed as  

 

i l
i k

k jj l
kl

x xA A
x x
  

                                                    (8) 

The components of a vector transform according to eqns. (6), (7), (8) yield entities 
that are independent of the choice of reference frame. That’s why tensor analysis is 
important in physics. 

Example 4.1 A covariant tensor has components  ݕݔ , ݕ2 − ,ଶݖ  in rectangular ݖݔ
co-ordinates. Find its covariant components in spherical co-ordinates. 

Sol.  Let ܣ௝ denote the covariant component in rectangular co-ordinates 
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ଵݔ = ,ݔ ଶݔ = ,ݕ ଷݔ =  .ݖ
Then                                           ܣଵ = ݕݔ =  ଶݔଵݔ

ଶܣ    = ݕ2 − ଶݖ = ଶݔ2 −  ଶ(ଷݔ)

ଷܣ               = ݖݔ =  ଷݔଵݔ

Let ܣ௞ᇱ  denote the covariant component in spherical co-ordinates   
ᇱଵݔ = ,ݎ ᇱଶݔ = ,ߠ ᇱଷݔ = ߮. 

Then                              ܣ′௞ =  డ௫
ೕ

డ௫ᇲೖ
 ௝                                              (1)ܣ

In spherical coordinates 

ݔ = ݎ sin ߠ cos ߮ 

ଵݔ      ݎ݋  = ᇱଵݔ sin ᇱଶݔ cos  ᇱଷݔ

ݕ = ݎ sin ߠ sin ߮ 

ଶݔ      ݎ݋  = ᇱଵݔ sin ᇱଶݔ sin  ᇱଷݔ

ݖ = ݎ cos  ߠ

ଷݔ      ݎ݋ = ᇱଵݔ cos  ᇱଶݔ

Therefore equation (1) yields the covariant component. 

ଵ′ܣ =  
ଵݔ߲

ᇱଵݔ߲
ଵܣ +

ଶݔ߲

ᇱଵݔ߲
ଶܣ +

ଷݔ߲

ᇱଵݔ߲
 ଷܣ

= (sin ᇱଶݔ cos (ଶݔଵݔ)(ᇱଷݔ + (sin ᇱଶݔ sin ଶݔᇱଷ)(2ݔ − (ଶ(ଷݔ)
+  cos  (ଷݔଵݔ)ᇱଶݔ

= (sin ߠ cos߮)(ݎଶ sinଶ ߠ sin߮ cos߮)
+ (sin ߠ sin߮)(2ݎ sin ߠ sin ߮ − ଶݎ cosଶ (ߠ
+ (cos ଶݎ)(ߠ sin ߠ cos ߠ cos߮) 

ᇱଶܣ =  
ଵݔ߲

ᇱଶݔ߲
ଵܣ +

ଶݔ߲

ᇱଶݔ߲
ଶܣ +

ଷݔ߲

ᇱଶݔ߲
 ଷܣ

= ݎ) cos ߠ cos ଶݎ)(߮ sinଶ ߠ sin ߮ cos ߮) + ݎ) cos ߠ sin߮) ݎ2) sin ߠ sin ߮
− ଶݎ cosଶ (ߠ + ݎ−) sin ଶݎ)(ߠ sin ߠ cos ߠ cos߮) 

ᇱଷܣ =  
ଵݔ߲

ᇱଷݔ߲
ଵܣ +

ଶݔ߲

ᇱଷݔ߲
ଶܣ +

ଷݔ߲

ᇱଷݔ߲
 ଷܣ

= ݎ−) sin ߠ sin߮)(ݎଶ sinଶ ߠ sin߮ cos߮)
+ ݎ) sin ߠ cos ߮) ݎ2) sin ߠ sin ߮ − ଶݎ cosଶ (ߠ + 0. 
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4.4  Self Learning Exercise-I 

Q.1 What is the rank of tensor ܣ௜௝௞  ? 

Q.2 Write the transformation of covariant tensor ܤ௜௝? 

Q.3 Write one example of a mixed tensor of rank 3. 

4.5 Algebraic Operations with Tensors 

Kronecker Delta: - 

 The Kronecker delta is defined as  

 
If i  j1

I i j0 f 

i
j

i
j



 






 

So by definition of Kronecker delta we can write 

ଵଵߜ  = ଶଶߜ  = ଷଷߜ  = ⋯ = ேேߜ  = 1 

ଶଵߜ  = ଷଶߜ  = ⋯ = 0 

The coordinates ݔଵ, ,ଶݔ … ,  ே are independent so Kronecker delta can also beݔ
written as  

  

i
i

j j

x
x







 

Similarly we can write 

௜′ݔ߲

ᇱ௝ݔ߲
= ௝௜ߜ  

Addition and Subtraction of Tensors:- 

The sum of two or more tensors of the same rank and type (i.e. same number of 
contra-variant and same numbers of covariant indices) is also a tensor of the same 
rank and type. Thus the sum of two tensors 

௝௜ܥ = ௝௜ܣ  + ௝௜ܤ  
is also a tensor.  

4.4  Self Learning Exercise-I 

4.5 Algebraic Operations with Tensors 
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We can also subtract two tensors provided they are of the same rank and type. The 
difference of two tensors of same rank and type is another tensor of the same rank 
and type. 

௝௜ܥ = ௝௜ܣ  − ௝௜ܤ  
Theorem: - The sum or difference of two tensors of the same rank and type is 
again a tensor of the same rank and type. 

Proof: - Let ܣ௝௜ and ܤ௝௜ are two tensors in coordinate system ݔ௜ and having the 

following transformation relations in the coordinate system ݔᇱ௜ 

௤ܣ
ᇱ௣ = ௝௜ܣ 

ᇱ௣ݔ߲

௜ݔ߲
௝ݔ߲

ᇱ௤ݔ߲
                                                      (1) 

௤ܤ
ᇱ௣ = ௝௜ܤ 

ᇱ௣ݔ߲

௜ݔ߲
௝ݔ߲

ᇱ௤ݔ߲
                                                      (2) 

From (1) and (2) we get 

௤ܣ)
ᇱ௣ ± ௤ܤ

ᇱ௣) = (௝௜ܤ±௝௜ܣ) 
ᇱ௣ݔ߲

௜ݔ߲
௝ݔ߲

ᇱ௤ݔ߲
  

Which shows that (ܣ ±  .ܤ and ܣ follows the same law of transformation as in (ܤ
Hence (ܣ ±   .is also a tensor of the same rank and type (ܤ

4.6 Contraction 

  If in a tensor we put one contra-variant and one covariant indices equal 
(i.e. same) then the summation over equal indices is to be taken according to the 
summation convention. The process is called contraction of a tensor.  

Consider a tensor ܣ௣௤௥
௜௝  of rank five. If we put݆ = ݅, we get ܣ௣௤௥

௜௝  and is a tensor 

of rank 3 obtained by contracting ܣ௣௤௥
௜௝ . 

Theorem :-  If in a mixed tensor, contra variant of rank p and covariant of rank q, 
we equate a covariant and contra variant index and sum with regard to that index 
then the resulting set of ܰ௣ା௤ିଶ sums is mixed tensor, contra variant of rank (p-1) 
and covariant of rank (q-1). 

Proof: Consider a mixed tensor ܣ௟௠௡
௜௝  of rank five, contra variant of rank two and 

covariant of rank three. 

4.6 Contraction 
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௟௠௡ܣ
ᇱ௜௝ = ௨௩௪௦௧ܣ  ᇱ௜ݔ߲

௦ݔ߲
ᇱ௝ݔ߲

௧ݔ߲
௨ݔ߲

ᇱ௟ݔ߲
௩ݔ߲

ᇱ௠ݔ߲
௪ݔ߲

ᇱ௡ݔ߲
 

Let ݆ = ݊, we get 

௟௠௡ᇱ௜௡ܣ = ௨௩௪௦௧ܣ  ᇱ௜ݔ߲

௦ݔ߲
ᇱ௡ݔ߲

௧ݔ߲
௨ݔ߲

ᇱ௟ݔ߲
௩ݔ߲

ᇱ௠ݔ߲
௪ݔ߲

ᇱ௡ݔ߲
 

            = ௨௩௪௦௧ܣ  ᇱ௜ݔ߲

௦ݔ߲
௨ݔ߲

ᇱ௟ݔ߲
௩ݔ߲

ᇱ௠ݔ߲ ቆ
௪ݔ߲

ᇱ௡ݔ߲
ᇱ௡ݔ߲

௧ݔ߲ ቇ 

= ௨௩௪௦௧ܣ  ᇱ௜ݔ߲

௦ݔ߲
௨ݔ߲

ᇱ௟ݔ߲
௩ݔ߲

ᇱ௠ݔ߲
௪ݔ߲

௧ݔ߲
 

= ௨௩௪௦௧ܣ  ᇱ௜ݔ߲

௦ݔ߲
௨ݔ߲

ᇱ௟ݔ߲
௩ݔ߲

ᇱ௠ݔ߲
௧௪ߜ  

= ௨௩௪௞௪ܣ  ᇱ௜ݔ߲

௞ݔ߲
௨ݔ߲

ᇱ௟ݔ߲
௩ݔ߲

ᇱ௠ݔ߲
 

= ௨௩௞ܣ 
ᇱ௜ݔ߲

௞ݔ߲
௨ݔ߲

ᇱ௟ݔ߲
௩ݔ߲

ᇱ௠ݔ߲
 

In this last expression we have put ܣ௨௩௪௞௪ = ௨௩௞ܣ . This is the law of transformation 
of a tensor of rank three.  

Thus ܣ௟௠௡ᇱ௜௡ = ௟௠ᇱ௜ܣ  is a tensor of rank 3 contra variant of rank 2-1 i.e. 1 and 
covariant of rank 3-1 i.e. 2. 

4.7 Direct Product  

Let ܣ௜ is a covariant vector (first rank tensor) and ܤ௝  is a contra-variant vector 

(first rank tensor) then component of ܣ௜ and ܤ௝  may be multiplied component by 

component to give the general term ܣ௜ܤ௝. 

 
k j

j l
i li k

x xA B A B
x x

 


 
 

  
k j

l
i l k

x x A B
x x

 


 
 

Contracting, we get 

ᇱ௜ܤ௜ᇱܣ = ௞ܤ௞ܣ   

4.7 Direct Product  
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The operation of adjoining two vectors  ܣ௜ and ܤ௝  is known as the direct product 
of tensors. The product of two vectors is a tensor of rank two. In general, the direct 
product of two tensors is a tensor whose rank is the sum of the ranks of the given 
tensors. 

௞௟ܤ௝௜ܣ =  ௝௜௞௟ܥ 

Where ܥ௝௜௞௟ is a tensor of fourth rank. The direct product is a technique for creating 
new higher-rank tensors. 

The word “tensor product” refers to a way of constructing a big vector space out of 
two (or more) smaller vector spaces. If a vector V is n-dimensional and a vector is 
m-dimensional then the product of these two vector spaces is nm-dimensional. 

In Quantum mechanics, for each dynamical degree of freedom we associate a 
Hilbert space. For example, a free particle in has three dynamical degrees of 

freedom ݌௫ , ,௬݌ ௭݌  in three dimensional system. Note that we can specify only 

௫݌  or x, but not both and hence each dimension gives only one degree of freedom 
but in classical mechanics you have two  

Example 4.2 Prove that ܣ௜ܤ௜  is invariant if ܣ௜ is covariant tensor and ܤ௜ is 
contravariant tensor. 

Sol. By the law of transformation of tensors we have 

 

k

ii k

xA A
x
 
  

 

i
i l

l

xB B
x
 


 

Then we can get 
k i

i l
i li k

x xA B A B
x x

   
 

 

  
l k

k lA B 
 

  
( )k l

k lA B
 

i k i
i k iA B A B A B   

 
Hence ܣ௜ܤ௜  is an invariant. 
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Theorem: - The product of two tensors is a tensor of whose rank (or order) is the 
sum of the ranks of the two tensors. 

Proof: Consider two tensors ܣ௞
௜௝ and ܤ௤

௣. Let the product of these two tensors be a 

tensor ܥ௞௤
௜௝௣, that is  

௞௤ܥ
௜௝௣ = ௞ܣ 

௜௝ܤ௤
௣                                                                         (1) 

Now we have to show that ܥ௞௤
௜௝௣ is a tensor of rank 5. We know that 

௪ᇱ௨௩ܣ = ௞ܣ 
௜௝ ᇱ௨ݔ߲

௜ݔ߲
ᇱ௩ݔ߲

௝ݔ߲
௞ݔ߲

ᇱ௪ݔ߲
                                            (2) 

௦ᇱ௥ܤ = ௤ܤ 
௣ ᇱ௥ݔ߲

௣ݔ߲
௤ݔ߲

ᇱ௦ݔ߲
                                                           (3 ) 

Multiplying equation (2) and (3), we get  

௦ᇱ௥ܤ௪ᇱ௨௩ܣ = ௞ܣ 
௜௝ܤ௤

௣ ᇱ௨ݔ߲

௜ݔ߲
ᇱ௩ݔ߲

௝ݔ߲
௞ݔ߲

ᇱ௪ݔ߲
ᇱ௥ݔ߲

௣ݔ߲
௤ݔ߲

ᇱ௦ݔ߲
 

Using (1) 

          = ௞௤ܥ 
௜௝௣ ᇱ௨ݔ߲

௜ݔ߲
ᇱ௩ݔ߲

௝ݔ߲
௞ݔ߲

ᇱ௪ݔ߲
ᇱ௥ݔ߲

௣ݔ߲
௤ݔ߲

ᇱ௦ݔ߲
 

We may write above equation as 

௪௦ᇱ௨௩௥ܥ    = ௞௤ܥ 
௜௝௣ ᇱ௨ݔ߲

௜ݔ߲
ᇱ௩ݔ߲

௝ݔ߲
௞ݔ߲

ᇱ௪ݔ߲
ᇱ௥ݔ߲

௣ݔ߲
௤ݔ߲

ᇱ௦ݔ߲
                    (4) 

Relation (4) is the law of transformation of a mixed tensor of rank five. Hence  

௞௤ܥ
௜௝௣ is a mixed tensor of rank 5.  

Hence the theorem is proved. 

Example 4.3  If  A and  B are compononents of a contravariant and covariant 
tensor of rank one, the prove that   

C A B 
  are the components of a mixed tensor of rank two. 

Sol. Using tensor transformation 

xA A
x


 



 

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xB B
x



 

 


 

Thus x xC A B A B
x x

 
  

   

    
 

 

x x A B
x x

 


  

 


 
 

x xC C
x x

 
 

  

  
 

 

Hence above equation is transformation equation for a mixed tensor of rank two. 

4.8 Quotient rule  
  By this law we can test whether a given quantity is a tensor or not. Suppose 
we are given a quantity X and we don’t know whether X is a tensor or not. To test 
X, we take product of X with an arbitrary tensor, if this product is tensor then X is 
also a tensor. This is called Quotient law. The Quotient law is a simple indirect test 
which can be used to ascertain whether a set of quantities form the components of 
a tensor. 

Theorem: - If the product of a set of quantities ܣ௜௝௞with an arbitrary tensor ܤ௜௝
௣  

yield a non-zero tensor ܥ௣௞ then the quantities ܣ௜௝௞ are the components of a 
tensor. 

Proof: We consider an arbitrary co-ordinate transformation ݔ௜ → ᇱ௜ݔ , from this 

transformation ܣ௜௝௞ → ,ᇱ௜௝௞ܣ ௜௝ܤ
௣ → ௜௝ܤ

ᇱ௣, ௣௞ܥ →   .ᇱ௣௞ܥ

Consider the product  

௣௞ܥ = ௜௝ܤ௜௝௞ܣ 
௣                                                                  (1) 

In transformed coordinates ݔᇱ௜, equation (1) becomes 

ᇱ௣௞ܥ = ௜௝ܤᇱ௜௝௞ܣ 
ᇱ௣                                                                 (2) 

But we have   

ᇱ௣௞ܥ = ௤௥ܥ 
ᇱ௣ݔ߲

௤ݔ߲
ᇱ௞ݔ߲

௥ݔ߲
                                                     (3) 

௜௝ܤ
ᇱ௣ = ௠௡௟ܤ 

ᇱ௣ݔ߲

௟ݔ߲
௠ݔ߲

ᇱ௜ݔ߲
௡ݔ߲

ᇱ௝ݔ߲
                                            (4) 

4.8 Quotient rule  
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Substituting equation (3) and (4) into (2), we get 

௤௥ܥ
ᇱ௣ݔ߲

௤ݔ߲
ᇱ௞ݔ߲

௥ݔ߲
= ௠௡௟ܤ ᇱ௜௝௞ܣ

ᇱ௣ݔ߲

௟ݔ߲
௠ݔ߲

ᇱ௜ݔ߲
௡ݔ߲

ᇱ௝ݔ߲
 

௜௝ܤ௜௝௞ܣ 
௤ ᇱ௣ݔ߲

௤ݔ߲
ᇱ௞ݔ߲

௥ݔ߲
= ௠௡௟ܤ ᇱ௜௝௞ܣ

ᇱ௣ݔ߲

௟ݔ߲
௠ݔ߲

ᇱ௜ݔ߲
௡ݔ߲

ᇱ௝ݔ߲
 

By changing dummy indices ݍ → ݈; ݅ → ݉ and ݆ → ݊, we get 

௠௡௟ܤ௠௡௥ܣ
ᇱ௣ݔ߲

௟ݔ߲
ᇱ௞ݔ߲

௥ݔ߲
= ௠௡௟ܤ ᇱ௜௝௞ܣ

ᇱ௣ݔ߲

௟ݔ߲
௠ݔ߲

ᇱ௜ݔ߲
௡ݔ߲

ᇱ௝ݔ߲
 

ᇱ௣ݔ߲

௟ݔ߲
ቈܣᇱ௜௝௞

௠ݔ߲

ᇱ௜ݔ߲
௡ݔ߲

ᇱ௝ݔ߲
− ௠௡௥ܣ

ᇱ௞ݔ߲

௥ݔ߲
቉ ௠௡௟ܤ = 0          (5) 

We know that 

௦ݔ߲

ᇱ௣ݔ߲
ቈ
ᇱ௣ݔ߲

௟ݔ߲
௠௡௟ܤ ቉ =  

௦ݔ߲

௟ݔ߲
௠௡௟ܤ = ௠௡௦ܤ                       (6) 

Multiplying equation (5) by 
డ௫ೞ

డ௫ᇲ೛
 and substituting equation (6), one gets 

ቈܣᇱ௜௝௞
௠ݔ߲

ᇱ௜ݔ߲
௡ݔ߲

ᇱ௝ݔ߲
− ௠௡௥ܣ

ᇱ௞ݔ߲

௥ݔ߲
቉ ௠௡௦ܤ = 0                (7) 

Since equation is valid for arbitrary ܤ௠௡௦ , therefore the quantity under bracket is 
zero i.e. 

ᇱ௜௝௞ܣ
௠ݔ߲

ᇱ௜ݔ߲
௡ݔ߲

ᇱ௝ݔ߲
= ௠௡௥ܣ 

ᇱ௞ݔ߲

௥ݔ߲
 

Multiplying both sides by  
డ௫ᇲೞ

 డ௫೘
డ௫ᇲ೟

డ௫೙
 , one gets 

ᇱ௜௝௞ܣ
ᇱ௦ݔ߲

ᇱ௜ݔ߲
ᇱ௧ݔ߲

ᇱ௝ݔ߲
= ௠௡௥ܣ 

ᇱ௦ݔ߲

௠ݔ߲
ᇱ௧ݔ߲

௡ݔ߲
ᇱ௞ݔ߲

௥ݔ߲
 

L.H.S. is non zero for ݅ = ݆ and ݏ =  and hence ݐ

ᇱ௜௝௞ܣ = ௠௡௥ܣ 
ᇱ௜ݔ߲

௠ݔ߲
ᇱ௝ݔ߲

௡ݔ߲
ᇱ௞ݔ߲

௥ݔ߲
                                  (8) 

From equation (8), we see that ܣ௠௡௥ is a tensor of third rank and contra-variant in 
all indices. This completes the proof of Quotient law. 
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4.9 Symmetric and Anti-Symmetric Tensor 

Based on permutation of the indices a tensor can be of two types:- 

1. Symmetric tensor 

2. Anti-symmetric tensor 

A tensor is said to be symmetric in two indices of the same type i.e. both covariant 
or both contravariant, if the value of any component is not changed by permuting 
them. If for a tensor ܣ௜௝ 

ij jiA A  

Then it is called symmetric tensor. 

A tensor is said to be anti-symmetric in two indices of the same type i.e. both 
covariant or both contravariant, if the value of any component changes its sign by 
permuting them. If for a tensor ܣ௜௝ 

ij jiA A   

Then it is called anti-symmetric tensor. A general tensor can be split up into a 
symmetric and an anti-symmetric part: 

   1 1
2 2ij ij ji ij jiA A A A A     

Where the first part in the right hand side is symmetric part and second part is anti-
symmetric part. 

Theorem:- A symmetric tensor of rank two has at most 
ଵ
ଶ
ܰ(ܰ + 1) different 

components in ܰ - dimensional vector space. 

Proof: Let ܣ௜௝ be a tensor of rank two. The number of its all components in N-

dimensional vector space is ܰଶ. All the components of ܣ௜௝ are  

ଵସܣ   ଵଷܣ   ଵଶܣ   ଵଵܣ  ଵேܣ …

ଶସܣ   ଶଷܣ   ଶଶܣ   ଶଵܣ  ଶேܣ …

ଷସܣ   ଷଷܣ   ଷଶܣ   ଷଵܣ  ଷேܣ …

                                             ...        ...        ...          ....   ....   .... 

ேସܣ   ேଷܣ   ேଶܣ   ேଵܣ  ேேܣ …

4.9 Symmetric and Anti-Symmetric Tensor 


